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Abstract. We study one-dimensional exact scaling lognormal multi- 
plicative chaos measures at criticality. Our main results are the deter- 
mination of the exact asymptotics of the right tail of the distribution 
of the total mass of the measure, and an almost sure upper bound for 
the modulus of continuity of the cumulative distribution function of the 
measure. We also find an almost sure lower bound for the increments 
of the measure almost everywhere with respect to the measure itself, 
strong enough to show that the measure is supported on a set of Haus- 
dorff dimension 0. 

1. Introduction 

Multiplicative chaos is a theory developed by Kahane in the eighties 
[25 \ \23 \ [26], It deals with multiplicative processes generating martingales, 
which take values in the cone of non-negative Radon measures on cr-compact 
metric spaces. This theory is based on the lognormal multiplicative chaos 
proposed by Mandelbrot to model turbulence [31] , as well as the works pre- 
viously achieved by Kahane and Peyriere [28] on the simplified model of mul- 
tiplicative cascades on trees still proposed by Mandelbrot |32l[33], namely 
the so-called Mandelbrot cascades, which assume no log- normality property. 
The study of random measures generated by such multiplicative processes 
also originates from random covering and percolation theory questions (see 
[Ml [231 [23 [571 [221 [S]). When statistically self-similar, as it is the case for 
limits of Mandelbrot cascades, these measures provide nice illustrations of 
the so-called multifractal formalism, as well as models in the study of inter- 
mittent phenomena beyond turbulence, like the distribution of rare minerals 
in earth [34j or stock exchange fluctuations in finance )35j . Examples of such 
measures on possessing continuous (rather than only discrete for limits 
of Mandelbrot cascades) scaling properties are some of the Gaussian mul- 
tiplicative chaos built by Kahane in [2S] or the Levy multiplicative chaos 
built by Fan in [21] . the compound Poisson cascades built by Barral and 
Mandelbrot [9] and their generalization in the so-called infinitely divisible 
cascades by Bacry and Muzy in 

Kahane's lognormal multiplicative chaos has been recently revisited and 
completed in several directions [391 HOl [2]. Also, it is now a central tool 
in two-dimensional quantum gravity theory since it provides, through the 
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exponential of the Gaussian free field, the random measures used to obtain 
the first rigorous results in direction to the so-called KPZ formula in works 
by Duplantier and Sheffield [HI |T7] , as well as Rhodes and Vargas [38] (see 
also Benjamini and Schramm [11 j for a 1-dimensional version in the frame- 
work of Mandelbrot multiplicative cascades on [0, 1]). Nondegenerate limits 
of lognormal multiplicative chaos associated with the exponential of the 
Gaussian free field on the circle have also been used successfully by Astala, 
Jones, Kupiainen and Saksman in |3j to build random planar curves by con- 
formal welding. The families of Gaussian multiplicative chaos considered 
in these questions are naturally parametrized by a continuous parameter 
(3 G [0, /3c) which, in the quantum gravity is in bijection with the so-called 
central charge, in random energy models corresponds to the inverse of a 
temperature, in turbulence is a measure of the intermittence, and is a de- 
creasing function of the Hausdorff dimension of the associated measure in 
the Euclidean geometry. At the critical temperature, and below it, the limit 
HjS of the martingale fijs^t provided by the associated multiplicative process 
vanishes almost surely. For /3 > /3c, it is nevertheless possible to give a sense 
to the corresponding dual KPZ formula \15\ [7j by considering measures es- 
sentially by subordinating a suitable nondegenerate Gaussian multiplicative 
chaos to some stable Levy subordinators; this yields an atomic measure. 
At the critical value /3c, one needs new results in multiplicative chaos the- 
ory. They were obtained during the last months by Duplantier, Rhodes, 
Sheffield and Vargas in [ISl 12], inspired by results recently achieved by 
Ai'dekon and Shi in the context of the martingales in the branching ran- 
dom walk [1]. Thus, it is possible to get a nontrivial positive measure at 
the critical temperature as the limit of the signed measures — '^(^g* as 

^ \P—Pc 

t —7- oo. Moreover, this measure is continuous. We also mention that like in 
the context of martingales in the branching random walks [1], the critical 
measure can be obtained as limit in probability of H/3^,t properly normalized 
|19j . while for (3 > f3c such normalization results are still unknown though 
suspected to be analogous to those known in the branching random walk 
and random energy models frameworks |4 HI301 [8]: in this sense, it is reason- 
able to believe that for /3 > f3c, the location of the atoms of the weak limit 
of fijs^t properly renormalized is in an essential way governed by the critical 
measure distribution, and consequently any information about the critical 
measure might be useful for the low temperature measures. 

This paper is dedicated to the study of some properties of such criti- 
cal lognormal multiplicative chaos measure. We concentrate on the exactly 
scale-invariant one dimensional construction. Our main results are the de- 
termination of the asymptotic behavior of the tail of the distribution of 
the total mass of the measure, a bound for the modulus of continuity of 
the measure for which the previous tail asymptotic behavior is crucial, and 
an estimate from below of the measure increments almost everywhere with 
respect to the measure, which completes the estimation provided by the 
modulus of continuity and goes beyond the simple fact that the measure 
has Hausdorff dimension 0, see Theorems [H [2] and [3] below. 
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1.1. Definitions and notation. In this section we fix notation and give 
the precise definitions of the objects studied in this paper. Formally, the 
one-dimensional lognormal multiplicative chaos measures /U^ are random 
measures given by 

(1) /.^(dx) = e''^(-)-^^^(-)'dx, 

where {X{x))xeR is a logarithmically correlated centered Gaussian field, i.e. 
a centered Gaussian process with 

EX(x)X(y) log-. — - — r as|x-y|->0. 
\x - y\ 

However, the logarithmic singularity of the correlation kernel implies that 
the realizations of X are not smooth enough to be functions, but must in- 
stead be defined as random distributions. To overcome this major technical 
obstacle, in Kahane's theory of multiplicative chaos one gives a rigorous 
meaning to the expression ([1]) by considering nonsingular approximations 
Xt to the field X, defining the measures fj,j3^t corresponding to these reg- 
ularizations and then taking the weak limit of the measures fip^t as the 
approximation parameter is taken to infinity. In this way one completely 
avoids the problem of defining the exponential of a distribution. 

We mainly concentrate on the exactly scale invariant construction. This 
scaling property, to be defined below, is central to the proof of Theorem 
[TJ The one-dimensional exactly scale invariant construction is most easily 
understood through the following geometric construction, originally due to 
Bacry and Muzy [3]. 

Let A denote the hyperbolic area measure on the upper half-plane, i.e. 

A(.4) = / for all ^ C M X M+. 

Ja 

For X £ M and t G M+, let Ct{x) denote the set 

Ct{x) = I {x ,y ) I y' > max(2|x' — x|, e~*), — a^l < -| 

and for a compact interval / C M of length less than or equal to 1, denote 

Ct{I) = f]Ct(,x). 

Note that for t > logl/|/| we have Ct{I) = Ciogi/|/|(/). Next, let W denote 
the white noise on M x M"*" with control measure A. We consider W a random 
real function on the Borel sets of M x M"*" with finite A-measure characterized 
by the following properties: for all disjoint Borel sets A, B C x such 
that X{A),X{B) < oo, 

(1) II^(^) is a centered Gaussian random variable with variance X{A), 

(2) the random variables VF(A) and W{B) are independent, and 

(3) almost surely we have W{A U B) = W{A) + W{B). 

Define 

Xt{x) = W{Ct{x)) for all X G M, t e [0, oo). 
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For a fixed t > 0, the covariance structure of the process {Xt{x))x£M. can be 
computed to be 

t + 1 — e*|x — y\, \x — y\ < e~* 



EXtix)Xt{y) 



log^, e * < < 1 



xe[o,i] 



0, l<\x-y\ 

For any interval I C M of length less than or equal to 1 and x £ I we denote 

Xt{I) = W{Ct{I)) and Xlix) = W{Ct{x)\Ct{I)) 

to obtain the decomposition Xt{x) = Xt{I)+Xl (x), where Xt{I) is indepen- 
dent of the process (X/(x))xe7- Since = Ciogi/|/|(-^) for t > logl/|/|, 
we denote X{I) := ^iogi/|7|(-^)- Owing to the geometry of the construc- 
tion, the field {Xt{x)) satisfies the following scale invariance property: for 
all intervals / C M and e~* < |/| < 1 we have 
(2) 

{Xt{x)),^, = {Xt{I) + Xi{x))^^j ^ {Xt{I) + 

where X' is an independent realization of the field X. For reader's con- 
venience we give the geometric explanation for this scaling property in the 
appendix. 

For /3 e (0, \/2) we construct the measures np^t on the unit interval by 
setting 

(3) /x^,<(/) = y^e^^'(-)-'^i^^'(-)'dx 

for all intervals / C [0, 1]. This construction fits into the framework of Ka- 
hane's theory of multiplicative chaos [23], which implies that almost surely 
the limit ^ip = \\m.t^ao l^i3,t exists in the sense of weak convergence of mea- 
sures and that the limit measure satisfies ixp^I) > for all intervals / C [0, 1]. 
The scaling property ([2]) implies that the measures are exactly scale in- 
variant, especially that 

(4) ^xp{I) = |/|e''^(^)-^^^(^)V;3([0, 1]) for all intervals I C [0, 1], 
where ^'^ is an independent realization of /x^ and X{I), defined as above, is 
a centered Gaussian random variable of variance log jjy . 

Kahane's work also implies that the corresponding construction for /3 > 
\/2 results in degenerate limit measures, i.e. the limit measure will be almost 
surely null. However, the exact scaling relation above makes sense for all 
/? > 0. It has recently been shown by Duplantier, Rhodes, Sheffield and 
Vargas [18J that by defining 

(5) 

= ^(V2(t + 1) - Xt(x))e^^*(^)-'^^'(^)' dx for ah intervals / C [0, 1] 

one obtains a nondegenerate almost sure weak limit = limt-j.00 ^ for 
which jjL^{I) > almost surely for all intervals / C [0,1]. As in the case 
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of branching random walks (or equivalently, multiplicative cascades), this 
derivative turns out to be the correct replacement for the measures ^ in 
the case /3 = \/2, at the very least in the sense that //^ is nontrivial and 
turns out to satisfy the exact scaling property: as detailed in the appendix, 
we have especially 

(6) = |I|e^^(^)-^^(^)VV2([0' 1]) all intervals / C [0, 1]. 

In defining the lognormal multiplicative chaos measure for the critical pa- 
rameter value (3 = ^/2, the peculiar normalizing factor {V^{t + 1) — Xt{x)) 
may also be replaced by a normalization that is deterministic and also inde- 
pendent of X. Inspired by the arguments of Aidekon and Shi [Ij in the case 
of branching random walks, Duplantier, Rhodes, Sheffield and Vargas |19] 
recently proved that there exists a deterministic constant c > such that 
for every interval / C [0, 1] one has 

(7) Vi ^ e^^'(^)-^^*(^)' dx ^ c in probability as t ^ oo. 

Before moving on to the statements of our results on the fine properties 
of we make a final comment on the scale invariance properties of mul- 
tiplicative chaos measures. In |18j and |19j the authors deal primarily with 
a slightly different construction, the -k-scale invariant lognormal multiplica- 
tive chaos measures. In the terms of the geometric construction presented 
here, a *-scale invariant random measure is obtained by replacing the field 
{Xt{x)) in ©, dS]) or dZD by the field {Xt{x) - Xo{x)). Since we wih make 
use of this construction in the proof of Theorem [21 we have included de- 
tails on ★-scale invariance in the appendix. However, as also noted in the 
papers themselves, the proofs of the convergence results in [18] and [TO] are 
insensitive to these differences. 

1.2. Main results. We will make use of the following result of Duplantier, 
Rhodes, Sheffield and Vargas [19], which is a corollary of the deterministic 
normalization ([7]). 

Theorem A. For all h £ (0, 1), E(/i^([0, 1]))'' < oo. 

The first of our main theorems is a strengthening of this result, and analo- 
gous to the theorem of Buraczewski [13] on the fixed points of the smoothing 
transform. 

Theorem 1. The tail probabilities of have the asymptotic behavior 

P (//^([0,1]) > a) ~ ci/A as X^oo, 
where the constant is given explicitly by 

« = i^E,^([0. 1/21) log (^l + -^^^j<». 

This theorem allows one to get detailed information on the geometric 
properties of the measure fi^. The following result is analogous to our 
earlier result [10] on multiplicative cascades. 
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Theorem 2. For any interval I C [0, 1] and 7 < 2 

(8) /i^(/)<cM(iog(i + |/ri))-\ 

where C{uj) > is an almost surely finite random constant. 

The proof of this theorem is inspired by the earlier result, but as the cor- 
relations of the field X in the construction of are much more intricate 
than in the branching random walk underlying the cascade measures, more 
involved arguments are needed. 

We also get a bound on the appropriate Hausdorff^ gauge function to 
measure the size of the smallest Borel sets fully supporting We have 

the following result. 

Theorem 3. Denote fain) = exp ^—-^6 log 2y^ n (log n + a log logn)^ for 
a > ^. Almost surely, 

H^{{x : /i^(I„(x)) > fain) for all but finitely many n]) = /i^([0, 1]). 

The proof uses large deviations estimates exploiting both the exact scaling 
property of and the tail probabilities given by Theorem [TJ This theorem 
implies the weaker claim that almost surely there exists a set of full /U^- 
measure that has Hausdorff dimension 0, a fact that we state as Corollary 

For the log-normal critical Mandelbrot measure fj, on trees, we establish in 
[To] that ni{x : < tpin) for all but finitely many n} ) = /x([0, 1]), 

for all functions ■0(n) = n~^, k > 1. In particular the modulus of continuity 
(shown to be optimal) does not capture the measure increments behavior /x- 
almost everywhere. The proof exploits fine information about the partition 
functions associated with at low temperatures. This information strongly 
depends on the renormalization theory for the low temperature measures 
His^n- As mentioned above, it is believed that they have their analogues in 
the present setting, but establishing them remains a challenge, as well as 
proving the optimality of the bound provided by Theorem [2j Anyway, if 
these properties hold for /i^, as for discrete cascades on trees it remains to 
determine whether they are sharp or not. At least they draw the contours 
of the asymptotic behavior of these measures increments almost everywhere 
with respect to themselves, which must differ from the law of the iterated 
logarithm observed in the high temperature case (see [6], and [29] for mea- 
sures on the boundary of Galton- Watson trees). 

2. Tail probabilities 

The proof of Theorem [Tj follows the same idea as the earlier closely related 
results of Durrett and Liggett [H], Guivarc'h [2D], Liu [2S], Buraczewski 
[131 [T2] and Barral and Jin |6]: one uses the smoothing transform (or in 
the case of multiplicative chaos, a similar distributional equation with more 
dependencies) to derive a Poisson equation satisfied by the quantity one is 
interested in, and then analyzes the behavior of the solutions of the Poisson 
equation at infinity. A key point in the derivations of the Poisson equations 
in all these proofs is the use of an alternate probability measure (the Peyriere 



BASIC PROPERTIES OF CRITICAL LOGNORMAL MULTIPLICATIVE CHAOS 7 

probability), the idea of which goes back to the seminal paper of Kahane 
and Peyriere [28j . 

In this section we denote fi := and Y := /x([0, 1]). The variable Y may 
be written as the fixed point of a "non-independent smoothing transform" 
as follows: 

y = M[o, 1]) = M[o,i/2]) + M[i/2,i]) 

= . igV2X([0,l/2])-EX([0,l/2])2y^ ^ lgV2X([l/2,l])-EX([l/2,l])2y-^ 

(9) =:WoYo + WiY^. 

By the exact scale invariance property Q of /i we have Yq _L Wq, Yi _L Wi 

and Yq = Y = Yi. Note, however, that Yq is not independent of either Yi or 
Wi. 

We then define the version of Peyriere probability that is most convenient 
for our needs. 

Definition 4. Let {Q, T ^ P) denote the probability space on which fi is de- 
fined and define a probability space (Q x {0, 1},J- x o"({0, 1}),Q) by setting 

EQf{co,j) = E {Wo{uj)f{u;, 0) + Wi{co)f{u, 1)) 

for all bounded T x (t({0, 1}) -measurable functions f : fix {0, 1}. Define the 
random variables Y , W and B on this probability space by setting 

Vi(a;)yiH, j = 
Wq{uj)Yq{uj), j = l' 

We state the essential properties of these variables as the following lemma. 

Lemma 5. (1) 14/^ and Y are independent. 

(2) Y (under Q) has the same law as Y (under ¥). 

(3) —logW is a centered Gaussian with variance 2 log 2. 

Proof. Let /, (7 : M i— M be bounded and continuous. By direct computation 
and the independences Wq _L Yq and Wi _L Yi, 

EQf(W)g(Y) = E{WofiWo)g{Yo) + Wif{Wi)g{Yi)) 

= 2{EWofiWo)){Eg{Yo)). 

By taking g^= 1 we see that EqfiW) = 2EWof(Wo), and taking f = 1 
yields EQg(Y) = Eg{YQ) = Eg{Y). Thus (2) holds and moreover 

EQf{W)g{Y)=EQf{W)EQgiY), 

which means that W and Y are independent as claimed in (1). 

The law of — log W is easy to identify by computing the moment gener- 
ating function. Since Wq = Wi = iev^2Tog27V-iog2^ where is a standard 
Gaussian, 



Y{uj,j) = Yjiuj), WiuJ) = Wjiio) andB{uj,j) 



i-t\ 
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□ 

Define the measure v on the positive real axis by setting 

(10) j ^"^""^ Ey/(y) = EQy/(y) 

for all continuous functions / : — )■ M with compact support. The asymp- 
totics of this measure will be determined through the functions 

Fa,i3{x) = viiae" , Pe^]) for < a < /3. 

In terms of F^^p , the statement of Theorem [1] is essentially equivalent to the 
following proposition. 

Proposition 6. Let F^r be defined by v as above. Then 



where 



Fa b(x) ~ ci log — as X ^ oo, 
a 



,. = ^EM[0,V21).og(l + «i)<oo^ 



The first step towards the proof of the proposition above is deriving the 
Poisson equation satisfied by -Fo,^. Let r denote the law of — logT^. By 
using the independence of W and Y we get 



r*Fa,fiix) = / EqY l^Y&{ae-+y,(3e-+y]}'^(^y) 
where the convolution of the measure r with a function F : M — )• M is defined 

by 

r*F(x)= / F{x + y)T{dy)= / F(x-y)r(dy). 

By using part (2) of Lemma [5l the distributional equation ([9]) and the def- 
initions of the variables W, Y and B, the term E,qY l^y^i^ae^ p^x^ above 
may be expressed as 



+WlYll{ae^-WoYo<WiYi<l3e^-WoYo}^ 

= EqF 

The previous computations imply that Fa^p satisfies the Poisson equation 

(11) Fa^pix) - T * Fa,i3{x) = lpa,l3{x) 

with the function ipa^/s given by 

(12) i^a,l3{x) = EqY ^{^^._B<,WY<Pe--B} " ^ {ae- <WY<l3e-y 
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The desired results on the solutions of this Poisson equation at infinity 
could be achieved almost exactly in the same way as in Buraczewski [12j . 
that is, by building on the general theory developed by Port and Stone 
|36j . The following proposition is originally due to Buraczewski, but we 
prefer to give it a self-contained proof of independent interest that uses only 
elementary Fourier analysis. 

Proposition 7. Let u he a locally finite (non-negative) Borel measure on 
[0, oo) that grows at most polynomially in the sense that there exist 7, C > 
such that 

u{{0,x]) <C{l + xy forallx>0. 
Define the functions 

Fa,p{x) = i^((ae'',/3e^]) for all < a < (3 

and assume that for each a, f3 the function ipa,i3 : M — )• M is a bounded and 
continuous function indexed by the parameters a and /? that satisfies 

(1 + |x|)^ \'^a,i3{x)\ dx < 00 and 

1pa,l3{x) dx = 0. 



Denote 

/oo 
X'll^a,(5{x)dx 
-00 

and assume that the map (a, /3) 1— )• Cq,^^ is continuous. Finally, let t be a 
Gaussian measure on R, i.e. r is the law of a centered Gaussian random 
variable with variance > 0. 

Then, if F^^p satisfies the Poisson equation 

Fa,l3 -T* Fa,i3 = Ipa^p 

it has the asymptotics 

2 

lim Fa,/3(x) = -^Ca,l3- 
a;— >oo (J 

We split our proof of this proposition into two lemmas and a finalizing 
convolution argument. 

Lemma 8. Let the function F : M — t- M he hounded from below and satisfy 

lim F{x) = 0. 

z— >— 00 

Assume also that F grows at most exponentially at infinit^ and solves the 
Poisson equation 

(13) F-T*F = ip, 

where r ~ N{0,a'^) is as in Proposition^ and ^ : M — )• M satisfies 

/oo fOO 
(1 + |x|)^|V'(x)| dx < 00, / ^l^{x)dx = and lim 'ip{x) = 0. 
-00 J-00 x^±oo 



^The assumption of exponential growth is used only to ensure that the convolution 
with T is well defined. 
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Then F has the asymptotics 

2 

(14) Jim F{x) = — I xip{x) dx. 



oo 



Proof. To shorten the notations we denote x'ip{x) dx = A. 

We start by proving that the equation has some bounded solution 
-Fi that has the desired asymptotics 

2 

(15) Mm Fi{x)=0 and hm Fi(x) = 

We first consider the case A = 0. Then our assumptions imply that the 
Fourier transform of "0 satisfies 

G C72(]R)nL~(M) and -0(0) = ^^'(0) = 0. 

As 1 — r(^) = 1 — exp(— cr^i^^/2) is smooth with zero of order 2 at the origin 
we may directly define Fi through 

Since obviously F2 G , we have \\m.x^±oo F2{x) = by the Riemann- 
Lebesgue lemma, and the same follows for Fi by the assumption on ip. 

In order to construct a solution Fi in the general case A ^ 0, first define 
V'o = -^0 ~ * ^0 with Fq = X{o,oo)- Directly from the definition we see 
that ijjQ G L°°(M) and that tpo decays exponentially as x — )• ±00, so that it 
satisfies the moment conditions of the lemma and moreover G C°°. Also, 
^oiO — T^SQ — i£,~^ (here is understood as a principal value distribution). 
Since 1 - ?(^) = a'^£,'^/2 + O (f) , we see that 



at the origin. Hence 



Tpoix) dx = "00(0) = and j x'ipo{x) dx = iV'o(O) = 



00 



Thus, in the case ^ 7^ we define Fi by finding the solution for the Poisson 
equation with the right hand side ip = ip — -^AtpQ and then adding 
■^AFq. At this point it is clear that the solution obtained this way is 
bounded and has the desired behaviour at ±00. 

Let us finally assume that F and ip are as in the theorem. Let Fi be 
the bounded solution of (fT3]) constructed above, so that Fi satisfies the 
conclusion of the theorem. It is enough to verify that H := F—Fi is constant 
since then H = hy considering the limit at — c«. Now H is bounded from 
below and satisfies the homogeneous Poisson equation 

(16) H = T*H. 

The claim follows from Lemma [9] below. □ 



Lemma 9. Let H solve the homogeneous Poisson equation (jl6p and assume 
that it is bounded from below and has at most exponential growth at ±00. 
Then H is constant. 
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Proof. By adding a constant we may without loss of generality assume that 
H > 0. Let u(x, t) {x £ M, t > 0) denote the heat extension of H to the 
upper half-plane, explicitly given by 

u{x, t) = / e 2t H{y)dy. 



'2TTt 



By assumption, u is periodic in t: denoting Iq = cr^, u{x,t + tQ) = u{x,t) for 
all t > 0. Define the function v in the upper-half plane by setting 

v{x, t) : = 



/ u{x,t + s)ds. 
Jo 



Then v solves the heat equation and, by the periodicity of u, it is constant 
in t. This it is harmonic in x, i.e. a linear function v{x,t) = ax + b. Here 
a = by the nonnegativity of u, whence v is constant. This shows that there 
is a constant C independent of x so that f^^^^ ^(^) < C*. Especially, for 
each x there is ti = S (to/2, to) so that u{x,ti) < 2C/tQ. The heat 

kernel (27rt)~^/^e~^ can be bounded from below on x € [—1, 1] uniformly 
in t G (to/2, to)) whence again using the nonnegativity of H we deduce that 
jx-i ^(y) — ^' ^'-'^ X G M. As we combine this information with the 
fact that H = T * H it follows that H is bounded. Then the equation 

(1 - e-^'/^)H{0 = 0, 

interpreted in the sense of distributions, shows that H = ci5q + C2Sq, i.e. H 
is linear. By nonnegativity we finally deduce that H is constant. □ 

We finish the proof of Proposition [7| by deducing it from Lemma [8] by a 
convolution argument analogous to the one of Buraczewski [12] . 



Proof of Proposition Let > be an arbitrary symmetric smooth test 
function with supp0 C [—1,1] and = 1. Given any locally integrable 
fl' : M — >• M let 5e denote the convolution Qe = g * e~^0(e~^-). By convolving 
the Poisson equation we obtain (writing e.g. {Fa^fs)£ = i^a./j.e) for any < 
a < (3 and e > 

FoL,l3,e = T* Fa^i3,£ + 1pa,l3,e- 

By the continuity of '4'a,i3,e and integrability of tpa,i3 we have limi,.-5.±oo '4'a,p,e = 
0. From Lemma [8] we thus obtain, for each e > 0, the asymptotics 

2 

(17) lim Fa,/3,e(2;) = ^C'a./J; 

since 



/ 

Jr 



Xll)a,(3,e{x) dx = iV'a,/3,e(0) = «V'a,/3(0) = / X1pa,l3{x) = Ca,l3- 



In order to remove the e from ()17p . let k £ (1, (/3/q)"'^/^) be given and 
observe that by the definition of F^,/? as a measure of an interval we have 
^ka^k-^pix) < -Fa,/3,e(x) for all X as soon as e is small enough. Hence, we 
obtain from (|17p that 

2 

limsupFc,_/3(x) < —Ck-ia,ki3- 
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By letting k ^ and recalling the assumption of the continuity of (a, /?) i— )■ 
Ca,/s it follows that lim sup^.^.^^ Fa^is{x) < ICa^/d/cr'^- The converse direction 
lim inf a;_!.oo F^^p (x) > 2Ca^p /a is obtained analogously by starting from the 
inequality Fk-ia^kpi^) < F^^pA^)- ^ 



The proof of Proposition El has now essentially been reduced to checking 
that the Poisson equation (fTT]l with F^,^ determined by v as in (fTO]l and 
V'of,/? given by (fT2]l satisfies the assumptions of Proposition [71 



Proof of Proposition [21 We first check that the measure v satisfies z^((0, x]) < 
C{\ + x)'^ for some C, 7 > 0. This is clear from the definition and Theorem 
IS for any 7 G (0, 1), 

To check the integrability conditions on /3 we define the functions 

V'a(x) = Eq? l{„e--5<W?y<ae-} ^nd i>p{x) = W.qY 1 ^^^^ _^^^y^^^^y 

By this definition, 



Since the functions ipa and -0/3 are positive, to check the integrability con- 
ditions of Theorem [3 on the functions ipa,i3 it is sufficient to show that 

/I poo 
il^aix) dx < oo and / x'^ipai^) dx < oo for all a > 0. 
-1 J — oo 



In our situation the first condition is trivial. For the second condition, some 
computation and a separate lemma are needed. We write 



^{ae^-B<WY<ae^} ~ -*-| j^<t< w^^+a | t — e"" 



and use the integral 

^ l^^dt = ^(^log^) (^logaft) forO<a<5 
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to compute 



< -W^QYlr^y. log 1 + ^^ log log 



{^>l} 



1^ ~ /, (wY + bY\^ fwY + B^ 
^^qY1(^wy .^. wy+b A I log I I I log 



a 



--■■h+h, 



and similarly by the change of variables s = e ^ we get 



x'^^l^a{x) dx 

-oo 

~ r 2 

J — oo -' 

= ^{a/s-B<WY<a/s} 

1„ ~ ./ B \ / a a \ f a 

< -EQyir^£^ . log 1 + ^ log • ^ ^ log 

2 ^ |^r-<i/ \ Wy \WY WY + bJ 

1 ~ / / a 

:EQ^lfw?^,^wy+si log log 



WY 



-r -1C.(Q1 i-(wY -^^^ WY+B ] 

=■■ h + h- 

To show that /i < oo we use the crude estimate log(l + x) < CpX^, valid for 
all p > for sufficiently large constant Cp > depending only on p, to get 



h < 



E ( M[o,i/2]) ( 4{i^V' (M([o,i/2]r +M[o,i]r)/i([o,i]r 



,M[o,i/2]), 

In Lemma [TT] below we show that for any < ft, < 1 we have 

Em([0,1/2])V([1/2,1])'' <oo. 

By choosing pi,P2,P3 > such that < I — Pi + P2 + P3 < 1 and pi + 
P2 + P3 < li this implies the finiteness of Ii. For I2 one may estimate 
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^^^^ < 1 + and proceed as in the case of Ii . In estimating one may 
write < and proceed as before, and the finiteness of I4 follows 

the same route. 

In order to apply Proposition [7] we still need to show that 



and compute the value of the integral 

;>oo 



J —00 

The first integral follows immediately from the integrability of V'o and the 
fact that 

a 

1pa,l3{x) = 1pa{x) - Ip/six) = tpaix) - Ipaix + log -). 

The value of Ca,i3 can be calculated by using the change of variables x = e* 
as above to obtain 

1^ ~. f B \ WY{WY + B) 



/OO \ ^ I B \ 

xipaix) dx = -Ejjy log 1 + log ■ 

-00 V WY J 

which implies 



/OO 13 ^ I 13 

- 'ipi3{x))dx = log-EQ^log 1 + 
-00 ^ \ 

Proposition [7] now gives the desired asymptotics 

2EoYlo?:(l + J~) 



WY 



%E,aO,l/2])logri + ^^S^Vog^. 



log 2 , / . ^ /i([0,l/2]); 
for all < a < /3. □ 

Before moving on to the final step of the proof of Theorem [1] we complete 
the proof of Proposition [6] by proving Lemma [TTJ 

Lemma 10. For any h £ (0, 1) and any pair of intervals /i,/2 C [0, 1] such 
that d{Ii,l2) > 0, 

E{fl{h)fi{l2)t <oo. 

Proof. Write 

XAx) = Xt{x) + {Xt,{x) - Xtix)) 
for t large enough that so that for t' > t one has 

iXt,{x) - Xtix)),^i, ± {Xt,{x) - Xt{x)),^i,. 

Let Zi = sup.e/.u/^e^'''^"^"^''*^"^', ^2 = sup^^.^u/^ e"^^'^"^^^""'^"^'' 
and 

uHh)= lim Vt f e^(^''(")-^'("))-(^^*'(")'-^^*(")')dx. 
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Writing successively that /u(I.j) < Zi^*[Ii) and < Z2/i(/j) for i = 1,2 

we get 

^{^i{h)^i{h)f < (EZf )(E^*(/i)'^)(E/.*(/2)'^) 

< {EZf'')iEZ^f{E^^ihf)iE^l{I2f), 

and then Theorem lAl and standard estimates of Zi and Z2 give the conclu- 
sion. □ 

Lemma 11. For any h € (0, 1), 

E(M[0,l/2])/x([l/2,l]))^<oo. 

Proof. Fix h G (0,1). For every A; G N, let Jk = [l/2 - 2"'^, 1/2 + 2-*^] . 
Denote the left and right half of Jk by and J^, and the right and left 
halves of (and Jl) by J^o and J^^ {Jl^ and J^J^). Define the sets Ak by 

^, = (jrx4ii)U(Jrxjf)u(J°ix 4^1). 

Write 

Z = /x([0,l/2]H[l/2,l]) = / Mdx) / /i(dy) 

J[0,l/2] -'[1/2,1] 

and define the random variables 



Zk = ^(dx) / fi{dy)xAk{x,y) 

J[0,l/2] J[l/2,1] 

for /c G N. It is clear that 



k=l 

and thus by the subadditivity of x 1— )• x'^ 

00 

EZ^ < ^EZ^. 

k=l 

By the exact scaling property of the construction the measure satisfies 

(18) (MJr^^)).„.,e{o,i} = 2-^+ieV^^(^^)--^(^^)^ (^Vr-)).„.,,,o,i} ' 

where X{Jk) = W{C{Jk)) is a centered Gaussian random variable with 
variance X{C{Jk)) = {k — l)log2 and /i' is random measure independent of 
X{Jk) that has the same distribution as But this implies that 



± 2-2A.'+2g2v^X(Jfe)-2EX(Jfc)2_^/ 



1> 

where Z[ = Zi is a random variable independent of Zi. Since 

2(-2fc+2)/i]gg2V2?tX(Jfc)-2/iEX(Jfc)2 _ 2(-2A;+2)/i2{4fi.^-2/i)(A:-l) _ 24('i^-'i){fc-l) 

and EZ^ is finite by Lemma [TOl we have 

00 

EZ^' < ^z^^2^^^^-^^^^-^^ < 00. 
k=i 

□ 
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Proof of Theorem [ij We will show that for any r > 1 there exists a such 
that 

P(y > A) < for all A > A,.. 

A 

The verification of the lower bound is similar and is left to the reader. 

Let r > 1 and fix g > 1 so that ^^^^ < \/r- By Proposition [6] there exists 
a Ar such that 

Fi,q{x) ^ ci\/r\ogq for all x > logA^. 
By the definition Fi^q{x) = ¥j{Y\s^Y&e'^,qe^)) we now have for A > A^ 

oo ^ oo 

P(y>A) = Y.^{y (^[\q\Xq^+^]) < - Y^q-^Fi^,{k\ogq + \og\) 

k=0 k=0 

< Y> g Cl^yrlogq = —^Jr < — r, 

A ^-^ A (7 — 1 A 

fc=0 ^ 

as was to be shown. □ 



3. Modulus of continuity 

In this section we prove Theorem [2j Our plan of attack is to follow the 
arguments carried out in [1^ in the case of multiplicative cascades. However, 
the delicate dependence structure of multiplicative chaos calls for non-trivial 
modifications. 

Let {{Xt{x))x<=M)t>o be the exactly scale invariant Gaussian field on R as 
before and define the Gaussian field {iYt{x))x^M)t>o by setting 

Yt{x) = W{Ct{x) \ Co(x)) = Xt{x) - Xo(x) for x G M, t > 0. 

In the proof of Theorem [2] it is convenient to use the characterization ([7]) 
of critical lognormal multiplicative chaos. To keep the notation simpler, 
we normalize the construction by the deterministic constant c > in ([7|). 
Explicitly, we consider the critical measures associated to the fields X and 
Y and denote 

PL /2(dx) = lim ^te'^X''^^)-it+^) dx and 
iy/^{dx) = lim ^/te^^*(^)-* dx, 

where the limits exist in probability in the weak sense. By construction 
it is clear that almost surely, the Radon-Nikodym derivative (x) = 

^V2Xo{x)-i aij]2ost surely positive and uniformly bounded away from 
and oo for all x G [0, 1], so for the purpose of our result on the modulus of 
continuity the difference between these two measures is insignificant. The 
measure is exactly scale invariant as before, but in this section we make 
more use of the measure i'^ which satisfies the -k- scaling relation: for every 
e € (0, 1] we have 

(19) {v^M))Amm = {l e^^---+2i°sv^(dx)) 

\JA ^ J AeB(R) 



BASIC PROPERTIES OF CRITICAL LOGNORMAL MULTIPLICATIVE CHAOS 17 



where is independent of Ylioge and = ('^^(e ^A))a- The 

proof of this scahng relation is recalled in the Appendix. 

In the proof of the theorem we need bounds for the tail probabilities of 
fj,^{I) and in terms of the length of the interval /. For the measure 

IJL^ the bounds will follow from the exact scaling relation and Theorem [H 
so we begin by translating the upper bound given by Theorem [1] for the 
measure v^. 

Lemma 12. There exists a constant C > such that for x > 
(20) P(i.^([0,l])>x)<^. 



Proof. The covariance of Xq is E(Xo(x)Xo(?/)) = max(0, 1 — |x — y|) and for 
every t > 0, (-'^o(2;))xe[o,i] and iXtix)) x(^[o,i] are independent. We thus have 

P(m^([0, 1]) > A) = P( /' eV^^o(-)-^z.^( dx) > A) 

JO 

> P(z^ /2([0' 1]) > eA, min Xo{x) > 0) 
i'e[o,i] 

= P(z^ /^([0, 1]) > eA)P( min Xo(x) > 0). 

xe[o,i] 

Since P(min^g[o,i] ^0(2;) > 0) > 0, Theorem [T] implies the existence of a 
constant C > such that P(z^^([0, 1]) > A) < CX~'^. 

□ 

We shall also need the following auxiliary lemma. 

Lemma 13. Let X > satisfy ¥{X > X) < — for \> 0. 

A 

Let Xj, j G {1, . . . , A^} be {possibly dependent) random variables with the 
same distribution as X and let aj > for j £ {1, N}. Then 

^ C-^log(A^ + l)(Ef-i«j) 
P( (^jXj > A) < ^ AZ^j-l JJ j^j. ^ ^ 

with a universal {in particular, independent of A) constant C < 00. 

Proof. We may assume that X^jLi ^^j = 1 since the statement scales in the 
right way. Fix t S (0, 1) and observe first that for all positive yi,...,yN one 
has 

N N 

Fix A > 0. The above holds if we set yj = {xj — A)+, where we denote the 
positive part by y+ := max(0,y) and let, for now, the Xj:s be arbitrary real 
numbers. We obtain using J2f=i — ^ ^^^^ 

N N N 

j=l j=l j=l 
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or, in other words, 

N N 

where (p{x) := (x — A)!,_. EspeciaUy, we have 

N N 

(21) Ec^iY^a.X,) < K4>{X)^a'j. 

The right hand side can be estimated as follows: 

E(j){X) = / (j)'{u)F{X >u)du < A t{u- A)*"^n"^ du 



A 



Jo Jx 
(22) = A{l-t)-^X^-\ 

We thus obtain from (1211) 



N N N 

(A(/>'(2A)) •P(j;a,X, >2A) < E4>{^a,X,) < (^a*)]E0(X), 
j=i j=i j=i 

and by combining with 



(23) 1P(E«.^.>2A)<^(^(^E4 
Finally, choosing t = to := I — 1/log (for > 3) we get 

and then ([23|) yields the stated result. □ 

The next lemma contains the key technical estimates that lead to the 
proof of Theorem [21 

Lemma 14. Let us index by a £ S„ = {0, 1}"" the dyadic subintervals 
of [0, 1] of length 2~". Moreover, write Tin'^ for the family of even dyadic 
intervals of length 2~" (i.e. intervals of the form [(2j)2~", (2j + 1)2""') j 

and T,n^ for the odd ones. Then for 7 G (0, |) and e G (0, 1) there exists a 
constant C = C{e) such that 

(24) P( max v Ma) > n'^) < Cn^^-'^^^'^'^ 

Proof. We begin by noting that by specializing the ★-scaling relation to 
dyadics, we get 

(25) (i^^(/.)).eE„ = {2-1^ eV^^"'-^(^)-"'°^^.5L)(dx)) , 
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where is independent of l^iog2 and {i'^{A))a = {i'^{2"'A))a- Since 
Yt{x) and Yt{y) are independent when |x — y| > 1, u^{A) is indepen- 
dent of v^{B) when d{A,B) > 1. Thus the scahng property imphes that 

{y^'^il I /(j) „(e) is a family of independent random measures (and similarly 

for the odd intervals) - here denotes the restriction of to /o-- 

Let us write 

(26) Wn,a = '2-'' I e^^"'°82W-nlog2^H(^^)_ 

Using the independence noted above, we see that 

max Wn,a < ) = E [] ¥{Wn,a < n-^\Yr 



nlos2j 



(27) > E J] (1 - nWn,a > n-^|ynlog2)) 

To estimate P(W„^o- > n~'^\Yn\o^2)i wc will approximate the integral by 
a Riemann sum and then make use of the previous lemma. We will need to 
consider P(z>^ ([0, 2^"^^^]) > A), where the auxiliary index k = kn will be 

(n) 

chosen later on. Using the definition of and a similar argument as when 
estimating F(i'^([0, 1]) > A), we find 



in)nn o-n-k,, ^ < F(My,([0,2-1)>eA) 

(min^e[o,2-fc]^o(a;) > 0) ' 



Note that we can bound the denominator from below uniformly in k (for 
example by ¥{m.iyi^^^Q i-^ Xq{x) > 0) > 0). Using the exact scaling of M^^) 
we see that 

¥{^^{[0, 2-'^]) > eX) = P(2-^e^^'=-^(^^')/.^([0, 1]) > eA), 

where is a centered Gaussian independent of Conditioning on Xk 
and using the tail of the distribution of /x^([0, 1]), we see that 

(28) ¥{ii^{[0, 2-^=]) > eA) < C2-'=A-^E(e^^'=-^(^')) = C2-''X-\ 

Collecting these arguments, we find that P(i/J^([0, 2"'^-'=]) > A) < C2-'=A-\ 
where C > is independent of n, k and A. 

To get back to the size of Wn,a, we need to consider a regularization of 
the function := e^^»iog2-niog2 ^^le interval la- Fix a G S„ for the 

moment, let k G N+ and divide 1^ into 2^^ subintervals {Ia,j)'f=i of equal 
length. Denote the midpoint of /o-j by Xo-j. Let s > and define the event 
Vs = { sup^gj^ . \Yn\og2{x) - Yn\og2{xc,j)\ < s for all j = 1,2,.. . ,2^=}. We 
then have on Dg 
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Let = (7i{Yt{x) : X G [0, 1], t < nlog2}). Since z^^^.j) = for 

j ^ i and the function is independent of the measure i^^. Lemma \T3\ 
and our estimate for P(z^^(Io-j) > A) imply that on Dg 



n, 



for some constant C > 0. Setting A = n~^2'^ and combining this inequaUty 
with ([27|) and the inequality e~^^ < 1 — x valid for x G [0, 1/2], we get 



•J n 



EP ( max > n'^ | j 

< 1 - E (1 - p(Ty„,, > n-T|y,iog2)) 



<t6E„ 



< 1 - Eexp -2(:;A;2-'=e2^^ Yl 

\ o-GS. 
+ 1 - FiAn,k,s) 



2"n-T 



1 - Eexp (^-ICke'^'n^ f^J^ix) dx^ + 1 - P(A,fc,. 



where An,k,s is the event 

A,M=<!maxC/.2 -3^^^^ <- 



n <^ sup |y„iog2(a;) -y„iog2(2:a,j)| < sVj G {0,1,... ,2^= - 1}V(T G s„ 
Denoting 

we finally get 







( max ^ /2(/a) > I < 1 - Eexp (-2Ce^'^'kn(^-^)Sr 



(29) + 1 - nAn,k,s)- 
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We then estimate the terms m the inequahty above. Denote 

= {max / e^^"i°g2W-niog2^^ ^ ^-7(-2C7A:e2^")-^} 
Ji„ 



and 

= \ sup |ynlog2(x) - YnXog2{Xa,j)\ < sVj G {0, 1, . . . , 2*^ - 1} V(7 E S„ 

SO that 

A,M = ^nn^;,,,, and l-P(A,M)<(l-nM + (l-^(^n,M))- 

We first estimate the probability of ^ ^ not occurring. For all a and j, the 

length of laj is 2"""'^ and the covariance of the process {Yn\og2{x))x£i^ j is 
2^-Lipschitz, so by the Borell-Tsirelson inequality W6 havG, for ciny a G X]^ 
and j = 1,...,2'=, 

PI sup \Ynlog2{x) -Ynlog2{Xa,j)\ > s] < c{l + 2^)6-^"'' '\ 



where c > is an absolute constant. It follows that 

l-P(S;,,,J<c2"+'^(l + 2ts)e-2'=-^^^ 

For the choice s„ ~ \/ e log n and ^ a log n, the right side of this estimate 
is asymptotically equivalent to 

from which we see that in order to have ~ ■'^('^n fc„ s„)) < oo we 

may take e > arbitrarily small, but must restrict to a > l/log2. Taking 
a = l/log2, in (|29]) these choices give 

P ( max ly/oila) > n"^ ) < 1 - Eexp f-2Ce2^^^'°s"n(^-^)5, 

+ c'n-^"'°s" + (l-P(B„)) 

for some constants c', c" > depending on e. 
To estimate the probability of Bn, we note that 

(30) {Sn < J~''{2Ckne^^'-)-^} C Bn. 

By Chebyshev's inequality we then see that for any g < 1 
1 - P(Sn) < P(5n > (2C7A;„e2^"")-^n(i-^)) 



IE(5^) 



^(5-7)9' 

If we knew that E(S'n) were uniformly bounded in n for some values of q, 
we would have a quantitative estimate for the speed at which F{Bn) tends 
to one. For this we make use of Kahane's convexity inequalities 
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Proposition 15. Let G : [0, oo) — )• M 6e a concave function such that 
\G{x)\ < C(l + x") for some positive constants C and a. Let A C M."^ 
be a Borel set, p be a Radon measure on A and {Xr)reA o,nd {Yr)reA be two 
continuous and centered Gaussian processes on A such that the covariance 
kernels satisfy kx{u,v) < kY{u,v) for all u,v £ A. Then 

EG (I e^'-i'^(^^')p(dr)) > EG (^^ e^-5E(^.^)p( dr) 

To apply this inequality, we construct a Gaussian field on [0, 1] for which 
the moments of the corresponding measure can be calculated and for which 
we have a covariance structure that allows comparing with the field l^iog2 
(such a comparison is also used in [T8] to prove that the limit of the to- 
tal mass martingale associated to non-renormalized critical chaos measures 
vanishes almost surely). 

The Gaussian field we shall employ is essentially a Gaussian branching 
random walk. Let us associate to the collection {la} of dyadic subintervals 
of [0, 1] an i.i.d. collection of standard Gaussian random variables {V^}. 
Define the field 

n 

Unix) = Y^ 

k=l o-eSfe: xel„ 

The covariance of C/„ is given by 

n 

E{Un{x)Un{y)) = Yl 

k,k'=l o-eSfcO-'eS;,/:2:e/<T,?/e/^/ 
n 

= E E = 

k,k'=i (TeSfe,o-'eE;,/:x6/CT,ye/^/ 

n 

= E E 

To compare this with the translation invariant field, we note that certainly 
to have a ex € such that x, y G 1^, one must have > \x — y\. Thus 



log 2 

E{Unix)Uniy)) < Yl 1 

fc=l 

— log Ix — y| 



log 2 

1 

lo"g2" 



V n 



< ^E(y„iog2(x)y„iog2(y)) + c. 



for some large enough constant C, since the covariance of the field Yniog2 is 
given by 



EiYnlog2{x)Ynlog2{y)) 



— log \x — y\ -\- \x — y\ — 1, 2 " < |x — y| < 1 
nlog2 + \x — y\ — 2'^\x — y\, |x — y| < 2~" 



BASIC PROPERTIES OF CRITICAL LOGNORMAL MULTIPLICATIVE CHAOS 23 

Let US thus consider a standard Gaussian variable Z independent of Yn\Q^2 
and define the fields 

A{x) = V21og2?7„(x) and B{x) = V2Yniog2{x) + y^2Clog2Z. 

We have 'E(A{x)A{y)) < E{B{x)B(y)) for all x,y. We then apply the con- 
vexity inequality to the fields A and B with the convex function G{x) = 
nilx'i for g < 1, to get 

]£^ggV2C' log 2Z-qC log 2)]g^^g ) 

< E(n«5( gV2T^i7„(x)-log2E(C/„(a;)2) ^^yy 



Comparing with the notation of |10j . we see that the quantity on the right 
here is simply E((n2 Zi^n)*?), the g-th moment of the total mass of the cor- 
rectly renormalized critical Mandelbrot cascade measure. As noted in [lOj . 
the fact that this is uniformly bounded in n for a fixed g < 1 follows from 
[301 m]. Thus E(5n) is also uniformly bounded in n for g < 1. So, recalling 
that Sn = ^/e\ogn and /c„ = logn, we conclude that for any e € (0, 1), 
there are constants C(|) and C{e) so that if we take n large enough, then 
1 -P(i3n) < C(f)(2C7A:„e2v^"")^-tn(^-t)(^-^) < C{e)n^^-'^^^-^2) . Thus aU 
we are left with is to estimate of the Laplace transform of Sn- 

We make use of the following formula, valid for all non-negative random 
variables X: 

/•oo 

1 - E(exp(-aX)) = / ae"°¥(X > t)dt. 
Jo 

In this formula, we set a = 2Ce'^^^"knn^'^~2') and X = Sn- Recalling from 
the argument above that E(S'r^) is uniformly bounded in n for g < 1, by 
Chebyshev's inequality we see that for any q < 1 

F(5„ > t) < Cgt-". 

Making the change of variable t = at, we get 



poo 

Jo 



Recalling again that s„ = \/ e log n and /c„ = log n, we see that since the 
integral converges, we can take q so close to one that we get 

which finishes the proof of Lemma [T^ □ 

Theorem [2] now follows quickly. We first prove the analogous statement 
for the measure v^- 

Theorem 16. For any interval I C [0, 1] and 7 < ^, almost surely 

(31) i.^(/)<CM(log(l + |/|-i))-^ 

where C{uj) is an almost surely finite random constant. 
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Proof. It is enough to restrict to dyadic subintervals. Pick 7 G (0, ^). Let I 
be an integer so that ^(7 — 5) < —2. We then have, by Lemma [HI that 

00 00 1 

max^^z.^(/,) > k-^^) <CY,k'"-^ 



k=l '^S^fei' ■ k=l 



By Borel-Cantelh, 



max 



(e/o) 



for a random (almost surely finite) constant C{uj). Combining the estimates 
for even and odd intervals we get 

max i^^ila) < 

We note that maXo-gE„ ^^{la) is decreasing in n so for fc' < n < (fc + 1)' 
we have 

max vr^{I„) < max < C'{io)k-^"' < C {uj)2^"' n'^ , 

which is the desired result. □ 
Proof of Theorem \^ As in the proof of Lemma [T^] we note that 

where (-^o(3;))xe[o,i] is a Gaussian process with a continuous covariance ker- 
nel. The quantity e^'^^''^eio,i]Xo{x) almost surely finite, so Theorem [16] 
implies the result. □ 

4. On the /i^-ALMOST EVERYWHERE LOCAL BEHAVIOR OF fj,^ 

In this section we consider the following question: what can be said of the 
size of smallest possible sets of full ^u^-measure? This question is partially 
answered by Theorem [3l which is proven in this section. 

Let / : N — 7- be an ultimately nonincreasing function tending to at 
infinity and consider the sets 

El = {x: fi^iUx)) < fin)}. 

We will determine a class of functions / for which we have 



y^lj < 00 almost surely. 

n 

For a nontrivial result it is already enough to consider the expectation of 
the series above. We fix a sequence {r]n)n>i taking values in (0, 1) and write 

" — - \^ 



)</(")} 



[n 
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T . log(/(n)) , , ^ /log(n) loglog(n) 

Let Cn = take the form j\ h a for n > 3, 

n \ n n 

where a > and 7 > are to be prescribed. Assume t/„ = Ae„. 

Denoting by Wn the n-th level lognormal factor 

Wn = exp (y2Xn - Exij = exp (^a„iV - , 
A^~A^(0,1), al = 2nlog2, 



we have, for each a G S„, = 2 ""WnYn where is a copy of Y 

independent of Wn- Moreover, by Theorem [T] we have K(Y^~'^) = 0(r/~^) 
as r/ ^ 0"*". These remarks yield 

A computation yields for n > 3 



n(log(2)?7^-e„r/„)-log(r/„) = (c+-) log(n) + (ca--) loglog(n) + 0(l), 

where c = log(2)A^7^ — Xj"^. With the order of magnitude chosen for 6^2, 
taking c = — | is optimal in view of making X^„>iE/i^ ('^"') convergent. 
This condition requires the equation log(2)A^7^ — A7^ + | = to have 
solutions in A. This imposes 7 > Y^61og(2), hence we choose 7 = y^6 log(2) 
to minimize e„. It then turns out that if — |a ~ ^ < ~1) i-e. a > ^, then 

Theorem [3] follows from the preceding estimates by an application of the 
Borel-Cantelli lemma to the measure fJ-^- As an application of Theorem [3] 
we present the following simple corollary. 

Corollary 17. Almost surely, there exists a set of Hausdorff dimension 
that has full js^-measure. 

Proof. Let 

£' = |x : fi^{In{x)) > f{n) for all but finitely many n| , 

where f = fa for some a > |. Since, by Theorem [3l E almost surely has 
full /i^-measure, we only need to show that a.s. it has Hausdorff dimension 
0. 

Let {la} ^s-f be the collection of dyadic subintervals of [0, 1] such that 
|cj| > n and ^^{la-) > Clearly, for any n, {Ia}^^^f is a cover of E. 

But for any s > and sufficiently large n G N we have 2^tl'"l < /i ^{1^) for 



26 J. BARRAL, A. KUPIAINEN, M. NIKULA, E. SAKSMAN, AND C. WEBB 

all a G S^, so 

Ei^^i' = E E i^^i' = E E i^^i'p-'"')' 



i-- 



k>n 



The last expression tends to as n — )• oo. It follows that for any s > the 
set E has zero Hausdorff s-measure, which implies the claim. □ 

5. Appendix: Scale invariance properties 

In this section we give the computations leading to the statements ([2]) 
and ([6]) on the exact scale invariance of the field X and of the measure /iy2- 
We also discuss the ^-scaling relation for the measure given in ()19p . 

Proposition 18. The random measure satisfies the exact scale invari- 
ance property i.e. for any interval I C [0, 1] 

where fJ-^lI denotes the restriction of /x^ onto I and is a random 
measure independent of X{I) with the law given by 



AeBil) V /AeB(/) 

Remark. Writing the scaling relation simultaneously for a set {Ij} of subin- 
tervals of [0, 1], one has 

where the are random measures such that for each j, 

('*5l(^)),;«,y = Ml''l"-"),;ee,^, f ^5 ^ {^(-^"^ccy ■ 

However we stress that for subintervals of the unit interval, for j ^ k the 
measure is not independent either of or X{IjS). 

Proof. We first show that ([2]) holds. Consider, for notational convenience, 
the interval / = [0, y] with < y < 1. By definition, for t > log 1/y we have 

(Xt(x)W = (X(/)+X/(x)),6,. 

Therefore it suffices to check that 

{Xl{x))x^i = {Xt_iogi/y{x/y))^(zj 

and since the processes are Gaussian, it is enough to consider the covariance 
structures. Checking that the covariances of the processes are the same is 
demonstrated in Figure [H 
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{) xi X2 y 



0x1x2 y 



Figure 1. Left. The sets Ct(a::i) \ Ct(x2) and Ct{x2)\Ct{xi) 
are shaded hght gray, while the intersection [Ct{xi)r\Ct{x2))\ 
C{[0,y]) is dark gray. The law of the Gaussian process 
{Xl {x))x^[Q y] is determined by the hyperbolic areas of these 
sets for all pairs (xi, X2) G [0, y]^. The set C([0, y]), contained 
in every Ct{x) for x G [0,y], has been left white. Right. Clos- 
ing the gap left by the set C([0, y]) does not affect the hyper- 
bolic areas of any of the shaded regions. Scaling this picture 
by 1/y also leaves the hyperbolic areas invariant, giving the 

distributional equality (X/(x)):re/ = {Xt-iogi/y{x/y))xei- 



Showing the exact scale invariance of is now simple, as one only needs 
to note that the measure defined analogously to the subcritical measures 
vanishes: for any intervals J C / C [0, 1] we have 




where /i^ a random measure with the law of fi and independent of X{I). 
Note that the measure fi^ defined here depends on the field X only through 
the processes {X^ {x))xei, t > 0. This observation implies the statement on 
the simultaneous scaling relations for a set of intervals {Ij}. □ 

We then consider ★-scale invariance, as defined in and the measure 
defined for the proof of Theorem [2j A random measure 1/ on [0, 1] is called 
★-scale invariant on scale e S (0, 1] if there exist a process (we(x))^.g[o^i] and 
a random measure z/*^ that are indepedent of each other and satisfy 



('^(^))AeB([o,i]) 




AeB([o,i]) 
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Figure 2. The cones Ct{xi) and Ct{x2) have been shaded 
gray, with the parts in Cj i(xi) and C[ i(a;2) highhghted. 

By scaUng the part of the picture below the hne log ^ by 
we get the equality of distributions 

{Yt{x) -yi„gi(x))^.g[o,i] = (i;_i„gi(e"^x))^,g[o,i]. 

This immediately implies ()32p . since the process 
(^iogi(2;))a;e[o,i] is independent of {Yt{x) - I'log i (a:))a-e[o,i]- 



and 

(^^'(^))agB([o,i]) = (^(e~'^))AeB([o,i]) • 

The measure 

where Yt{x) = Xt{x) — Xq{x) = W{Ct{x) \ Co(x)), is *-scale invariant on 
every scale e G (0, 1] with 

= ^/2yi„gi(x) + 21oge. 
This can be seen by first deducing the scale invariance property 

where Y' is an independent realization of the field Y , from Figure [2] and 
then performing a computation analogous to the one above for 
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